Spherically-symmetric ground states of alkali-metal atoms do not posses electric quadrupole moments. However, the hyperfine interaction between nuclear moments and atomic electrons distorts the spherical symmetry of electronic clouds and leads to non-vanishing atomic quadrupole moments. We evaluate these hyperfine-induced quadrupole moments using techniques of relativistic many-body theory and compile results for Li, Na, K, Rb, and Cs atoms. For heavy atoms we find that the hyperfine-induced quadrupole moments are strongly (two orders of magnitude) enhanced by correlation effects. We further apply the results of the calculation to microwave atomic clocks where the coupling of atomic quadrupole moments to gradients of electric fields leads to clock frequency uncertainties. We show that for 133 Cs atomic clocks, the spatial gradients of electric fields must be smaller than 30 V/cm 2 to guarantee fractional inaccuracies below 10 −16 .
I. INTRODUCTION
Hyperfine-interaction(HFI)-induced effects are ubiquitous in atomic physics. Examples include hyperfine quenching of otherwise E1-forbidden transitions [1] [2] [3] , differential AC Stark shifts in ground states of alkalis [4] , electron bridge in nuclear transitions [5] , black-body radiation shift in atomic clocks [6, 7] , "magic" trapping of hyperfine qubits [8] , etc. In all these cases the effects come from the HFI-mediated admixtures to atomic states. Here we focus on computing HFI-induced quadrupole moments of ground-state alkali-metal atoms.
For neutral atoms, the electric-quadrupole moment (E2) is the leading electric multipole moment, expectation value of which does not vanish identically. Electric quadrupoles couple to gradients of electric fields and can give rise to atomic energy shifts, thereby affecting accuracy of atomic clocks [17] . Because it is a second-rank tensor, the expectation value of quadrupole moment operator vanishes for the spherically-symmetric electronic ground states of alkali-metal atoms. However, the hyperfine interaction between nuclear moments and atomic electrons can distort the spherical symmetry of electronic clouds and can lead to non-vanishing atomic quadrupole moment. Calculation of such hyperfine-induced quadrupole moments for ground-state alkali-metal atoms is the goal of this paper. We also evaluate the clock frequency shifts in microwave clocks arising from coupling of atomic quadrupole moments to E-field gradients.
II. FORMALISM
We develop the formalism in terms of the hyperfine states |γ(IJ)F M F . Here the nuclear spin I and the total electronic angular momentum J are conventionally coupled yielding the state of the angular momentum F and its projection M F , with γ encapsulating all other atomic quantum numbers. When there is no ambiguity we will use a shorthand notation |γF M F . For the ground S 1/2 states of alkali-metal atoms the two allowed values of F are F = I + 1/2 and F = |I − 1/2|. As long as F ≥ 1, the hyperfine state will have non-vanishing quadrupole moment.
The irreducible tensor operator of electric-quadrupole moment is defined as
where the summation is over atomic electrons, r i is the position vector of electron i, and C
µ (r i ) are normalized spherical harmonics [9] . The quadrupole moment Q of a state of definite angular momentum |γF, M F is defined conventionally as twice the expectation value in the stretched state
This quadrupole moment is related to the reduced matrix element of the tensor, Eq. (1) via the Wigner-Eckart theorem.
Total atomic quadrupole may be decomposed into the direct (no HFI) electronic-cloud contribution, the direct nuclear contribution, and a correction due to distortion of electronic-cloud charge distribution by the HFI,
For the ground S state of alkalis, the direct electronic contribution Q elec vanishes due to the spherical symmetry of charge distribution. The values of nuclear moments are on the order of 10 |e| fm 2 ≈ 4 × 10 −9 |e|a 2 0 (see Table I ). We show below that Q HFI for alkali-metal atoms ranges from 10 −8 |e|a In the first order of perturbation theory in the hyperfine interaction, H HFI , the correction to the hyperfine sub-level |γ(IJ)F M F attached to electronic state |γJ reads
where E (γJ) are the energies of atomic states. In the above expression, we have taken into account that H HFI is a scalar, so the total angular momentum F and its projection M F are conserved. In particular, for the alkali-metal atoms in the S 1/2 states, the HFI admixes D states which distort the spherical symmetry of the S states leading to non-vanishing quadrupole moments. Explicitly,
For the ground state of alkali-metal atoms, the intermediate states are of the D 3/2 and D 5/2 character. In general, the hyperfine coupling Hamiltonian, H HFI , may be represented as a sum over multipole nuclear moments N (k) λ of rank k combined with the even-parity electronic coupling operators T (k) λ of the same rank so that the total interaction is rotationally and P-invariant,
In the following we limit the discussion to the dominant contributions from the nuclear magnetic-dipole (k = 1) and electric-quadrupole (k = 2) moments. The conventionally defined nuclear moments are related to the tensors N
0 |IM I = I . These nuclear moments are compiled in Table I . Explicit expressions for electronic tensors T (k) λ can be found in Ref. [12] . Using angular momenta algebra, the matrix element of the hyperfine interaction in Eq. (3) may be simplified to
Reduced matrix elements of Q between the hyperfine states read
Thereby the conventional quadrupole moment of the |γ(IJ)F state is
with
expressed in terms of purely electronic sums
Both magnetic-dipole and electric-quadrupole HFI contribute to the electronic quadrupole moment of the S 1/2 ground state. For the D 3/2 channel k = 1, 2 and for the D 5/2 channel k = 2 (only the nuclear quadrupole HFI contribution).
If the magnetic-dipole HFI channel (k = 1) dominates, the ratio of HFI-induced quadrupole moments for the two hyperfine components is given by (I ≥ 3/2)
III. RELATIVISTIC MANY-BODY CALCULATIONS AND RESULTS
We employ several relativistic many-body methods of atomic structure to evaluate the HFI-induced quadrupole moments. We carry out computations in several approximations of increasing complexity. The lowest order approximation in the electron-electron interaction is the mean-field Dirac-Hartree-Fock (DHF) method. We used the so-called frozen-core approximation, where the DHF potential was computed self-consistently for core orbitals and the valence orbitals were determined in the resulting V N −1 DHF potential. The summation over intermediate states in Eq. (6) was carried out using the dual-kinetic balance (DKB) B-spline technique [13] which guarantees numerical quality of orbitals both near and far away from the nucleus. The DKB basis orbitals were generated in the V N −1 DHF potential. The required relativistic one-particle reduced matrix element of quadrupole moment operator in atomic units is given by
where P and Q are the large and small radial components of Dirac bi-spinor wave function and κ are relativistic angular quantum numbers [12] . Minus sign accounts for the negative charge of the electron. Expressions for reduced matrix elements of electronic HFI tensors T
between Dirac bi-spinors can be found in Ref. [12] . An addition of core-polarization effects by the valence electron leads to the Brueckner-orbital (BO) approximation. In this approximation the core-polarization potential, computed as the second-order self-energy correction, was added to the DHF potential and the resulting Hamiltonian was diagonalized in the DKB basis resulting in a complete set of Brueckner orbitals. This numerically complete BO set was used in evaluation of the sums over intermediate states (6) .
Further in addition to the DHF and BO methods we also included an infinite chain of random-phase approximation (RPA) diagrams. The RPA diagrams account for the self-consistent screening of the HFI and quadrupole operators by core electrons. The two resulting approximations are DHF+RPA and BO+RPA methods distinguishing between the two distinct basis sets (DHF and BO) used in the evaluation of RPA diagrams. The most complete approach which includes both the core polarization and the core screening effects is the BO+RPA method and our final (recommended) values are the BO+RPA values.
The quality of the enumerated approximations has been studied extensively in the literature (see, e.g., Refs. [14, 15] ). For example, the experimental values of ground-state hyperfine structure constants A are reproduced at the level of a few per cent for heavy alkali-metal atoms. Based on this prior literature, we expect the BO+RPA approximation accuracy to be better than 10% for heavy atoms and a few per cent for light atoms. While more sophisticated and more accurate all-order methods do exist (for example, the hyperfine constant A 6s for Cs is reproduced with the accuracy of a few 0.1% in Ref. [16] ), the BO+RPA approximation should be adequate for the goals of this paper.
As an illustrative example, we consider the evaluation of the HFI-induced quadrupole moment of 133 Cs (see Table II ). We observe that core polarization (BO) changes the lowest-order (DHF) values by about 30%. The core-screening effect (RPA) is much more significant, as it not only changes the sign of the computed quadrupole moment, but increases it in absolute value by two orders of magnitude. The reason for this strong enhancement (supported by our numerical second-order RPA analysis) is shown in Fig. 1 . Indeed when the sums (6) are computed in the lowest (DHF or BO) order, the matrix elements of the HFI interaction are between the d 3/2 and 6s 1/2 states. By contrast, the RPA diagram, Fig. 1 , involves the matrix element of the HFI interaction evaluated between p 1/2 states. This matrix element is much larger than the d 3/2 − 6s 1/2 matrix element due to suppressed overlap of d-orbitals with the nuclear region. The dominant contribution to the HFI-induced quadrupole moment of 133 Cs comes from the magnetic-dipole interaction with the nucleus (d 3/2 channel). The ratio of computed BO+RPA quadrupole moments for Cs F = 4 and F = 3 states, −1.87, is in a good agreement with the analytical ratio (7) of −28/15 due to negligibly small contributions from the quadrupole HFI interaction (k = 2).
Finally we compile the computed HFI-induced quadrupole moments for alkali-metal atoms in Table III . The employed nuclear parameters are listed in Table I . All the listed values of Q HFI in Table III are computed in the BO+RPA approximation. In all atoms except Li, the RPA corrections lead to the sign reversal of Q HFI DHF (or BO) values. 
IV. IMPLICATIONS FOR ATOMIC CLOCKS
Atomic quadrupole moments couple to gradients of electric field. The interaction perturbs atomic energy levels, leading to clock frequency uncertainties. The relevant clock shifts for singly-charged ion clocks are sizable and considerable efforts have been devoted to mitigating this effect [17, 18] . Below we evaluate the size of such an effect for microwave clocks based on hyperfine transitions in alkali-metal atoms.
The interaction of atomic quadrupole moments with gradients of electric field can be represented aŝ
λ .
Here we explicitly emphasized that the quadrupole moment operator (1) is a rank 2 tensor. The second-rank tensor of the E-field gradient is obtained by conventionally coupling the gradient and E-field vectors
This tensor is expressed in terms of Clebsch-Gordan coefficients and spherical components of the gradient and Efield [9] . The E-field derivatives are evaluated at the location of the atom. The interactionV Q can lead to transitions between different magnetic sub-levels and also to energy shifts. The former effect can be neglected as long as the Zeeman splittings are much larger than the off-diagonal matrix elements ofV Q and latter can lead to clock frequency shift which is the main focus of this section.
The lowest-order energy shift of an atomic level |γF M F reads
While arriving at this expression from Eqs.(9,10) we used the fact that ∇ · E = λ (−1) λ ∇ −λ E λ = 0. In a spatially uniform field gradient along the length of an atomic fountain, the clock frequency shift δν Q reads
where the differential quadrupole moment is ∆Q = Q 0 γF M F − Q 0 γF M F , with F M F and F M F being the upper and the lower clock levels. For the B-field-insensitive Zeeman sub-levels, M F = M F = 0, the matrix elements can be expressed in terms of the computed quadrupole moments as (F ≥ 1)
When further the relation (7) holds, the differential quadrupole moment between the F = I + 1/2, M F = 0 and F = I − 1/2, M F = 0 hyperfine levels can be simplified further (I ≥ 3/2) ∆Q = (2I + 1) 2 2(2I − 1)(2I − 2)
For example for the clock transition in 133 Cs, I = 7/2, F = 4 and F = 3, and we arrive at ∆Q( 133 Cs) = 9.1×10 −6 |e|a 2 0 . We further obtain a practical formula for fractional clock inaccuracy δν Q ν clock 133 Cs = −3.4 × 10 −18 × ∂E z /∂z V/cm 2 .
In particular we conclude that to keep the Cs clock accurate to the 10 −16 level which is the current goal [19, 20] , E-field gradients must be smaller than 30 V/cm 2 . I would like to thank L. Hunter, D. Budker and K. Gibble for motivating discussions. This work was supported in part by the US National Science Foundation.
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